) is a sufficiently regular function which is positive on fl. Kusano and Swanson (12] gave the existence proof on exterior domains. As for the existence of entire solutions, not much is known, Edelson [7] , Kusano and Swanson [13) have been able to show the existence of entire solutions of (1) with -f e (0, 1), and p(x) sufficiently regular. In this paper we show via the upper and lower solution method, which is also referred to as the barrier nmethod, that (1) has a bounded positive entire solution vanishing at oc in Rt/" for n > 3 and all y > 0.
The author learned after this paper was finished that a similar result was, given earlier by R. Dalmasso [6] , but by a different approach.
Preliminaries
We first state the theorem by Kusano and Swanson [13] for the case 0 < -" < 1. 
The term "entire" has often been used for solutions of equation (1) in R". To avoid confusion with the traditional definition for entire functions, we use the term "C 2 +,-entire'. A C 2 +c-entire solution of (1) 
is defined to be a function u(x) E C72+"(R') that satisfies (1) pointwise in R n
The method that we shall be using heavily in our proof is the so-called barrier method, or upper-lower solution method.
We consider the elliptic boundary value problem
where D is a smoothly bounded domain in R N and v = (vu,-",,) is a smoothly varying outward normal vector field on aD which is of class C2+ , while a and b are positive constants. We also assume that f E Cc and that g has an extension 4 to the interior of D such that 4 E C 2 ' + .
An upper solution to the above problem is a function ¢ satisfying
A lower solution to the above problem is a function V' satisfying
Wc aoume that 9D,f,g, and the coefficients of L are smooth in what follows We consider the following example:
By the above theorem, if A > 1, then the problem has at least three solutions. Actually, u = e sin x with c small is a lower solution, and ft -= Rx 1/ 2 with R large is an upper solution. Therefore there exists a solution u such that 2_ <_ u < fit in (0, 7r). Clearly -u and 0 are also solutions to this problem.
The following lemma on the barrier method for D = Rn is due to Ni [15] ".e difficulty in constricting the proof is to find an appropriate upper .oluticn ", equation (1) . In order to use the barrier method we first study the nons. ,ular equation 
In fact:
Let 6 be a fixed positive number. We then observe that i is an upper solution of the equation (4) Au
u = 0 is a lower solution of (4). Since i = cuq > 0, ui > u in R ' . By Lemma 2, (4) has a solution u such that i < u < i.
For 6 < 6, u is a lower solution of (4) with 6 = S. Lemma 2 then implies that (4) has a solution for 6 = 6 such that u _< < U.
Let {6,j-be a sequence of strictly decreasing positive numbers, and let u,,(x) be a smooth positive solution of (4) when 6 We can now assert that u E C 2 +°(Rr) and tihat
for x E R ' . This follows from more or less standard arguments. Let x, E R" and r > 0. We consider the ball of radius r centered at x,, B(x,, r) in Rr. Let IV' be a C' function which is equal to 1 on B(xo, r/2) and equal to 0 off B(xo, r). We have A(TIu,) = 2VT • Vun + pn for n > 1, where p, is a term whose L norm is bounded independently of n. Therefore for n > 1 we have
ax3.
where bn, ,j = 1,..,n and qn are terms bounded independently of n for ,rj/2) ). Since x,, was arbitrary, this shows that u E C2+,(R"'). Clearly (6) holds.
Some remarks Remark 1:
For n = 1, the properties of positive solutions of equation (1) have been studied by Taliaferro [17], and Gatica [10] . For n = 2. no entire positive solution of equation (1) exists regardless of its asymptotic behavior at cc (see [13] ). Remark 2:
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It is observed by Callegari, Friedman and Nachman 12], [3, 4] that if the partial differential equations describing the boundary layer behind a rarefaction or shock wave (with viscosity proportional to the temperature) traveling down, and perpendicular to, a flat plate are written in terms of a stream function and a similarity variable the followirg Blasius-type equation emerges
where
Here, 0 < K < 1, for rarefaction waves and, 1 < K < 6, for shock waves. 
